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Equations ot a Circle
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Circle defined by its center and radius

Definition| The circle of center I(a; b) and radius R is the set of all the
points of the plane whose distance to | is equal to R.

Let M(x; y) a point of the plane such that
IM=R.

IM? = R?

(xp — %)% + (Y — ¥1)? = R?
(x—a)* + (y—b)? = R*

Standard equation of a circle
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Circle defined by its center and radius
Application @

Find the equation of the circle of center | and radius R in each case:
O I(12)andR=1

(x —x)*+ (y—y)* =R?
(x—1D?*+(@y—-2)=1

©I(-1;3)andR =2

(x —=x)*+ (y —y)* =R?
(x+1?+(y—-3)=4

O I(-1-2)andR=1 (x — x)2 4 (y —y,)? = R?
x+1)°+@y+2)=1



Circle defined by its center and radius
Application @

Find the center | and the radius R of the circle in each case.
O x-2?+(@y+3)?%2=25
Center: 1(2;-3)
Radius: R=5
O (x+2)?2+y2-36=0 (x+2)>+y? =36
Center: 1(-2;0)
Radius: R=6
O+ B-y)?=64 x>+ (y—3)? =064
Center: 1(0;3)
Radius: R =8



Circle defined by its center and radius

Standard equation of a circle:
(x —a)? + (y — b)? = R?

(R

x?+y%?—2ax —2by+a*+b*—R*=0

c = a* + b* — R?
S0
R*? =a*+ b* —c



Circle defined by its center and radius
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Standard form of the equation Expanded form of the equation

(x — a)?

(y — b)* = R? x*+vy?—2ax —2by+c=0
Where R? = a* + b* — ¢
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Circle defined by its center and radius
Application €

Find the center | and the radius R of the circle in each case.
@ ’+y?—4x+6y—-12=0
4

—2a=—4;, a=——=2
-2

_2b=6 : b=_12=—3

R°=a*+b*—c=4+9—(—12) = 25
So circle of center 1(2;-3) and radius R =5
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Circle defined by its center and radius ~

Application €)
Find the center | and the radius R of the circle in each case.
O 1% +y? +2x+4y—1—0

—2a=2; a= = —1

2b=4; b=—=-2
-2

R°=a?+b?—-c=1+4—-(-1) =6
So circle of center 1(-1;-2) and radius R = V6
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Circle defined by its center and radius =

Application @

Determine the set E defined by:

O +y?+4x -2y +4=0
—2a=4; a=-2
—2b=-2; b=1
RP=a’+4+b?°—c=4+1—-4=1>0
So circle of center I(-2;1) and radius R =1
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Circle defined by its center and radius =

Application @)
Determine the set E defined by:

@ +y2—3x+5y+10=0

—2a=-3; a=">

2
—2b=5; b=—

5

2

RZ=a?+b>—c=-4+2-10=2-10=-2=-2<0
4 4 4 4 2

So this 1s empty set
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Circle defined by its center and radius

Application @
Determine the set E defined by:
©2+y?-2x+y=0

—2a=-2; a=1

—2b=1; b=—%

RZ=a?+bh2—c=14+--0=2
4 4

So circle of center I(1;— %) and radius \/; .
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Circle defined by its center and radius =

Application @)

Determine the set E defined by:

@3x2+3y2—6x+9y+§=0
x?+y2—2x+3y+—=0
—2a=-2; a=1

_2hb=3; b=—§
9 13

R2=a2+b2—c=1+z—7=0
So the set is {I}
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Circle defined by its center and radius =

Application @)

Determine the set E defined by:

@3x2+3y2—6x+9y+§=0
x?+y2—2x+3y+—=0
—2a=-2; a=1

_2hb=3; b=—§
9 13

R2=a2+b2—c=1+z—7=0
So the set is {I}
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Circle detined by its diameter

Let M(x; y) a point of the plane.

BMA is a right triangle at M.

BM.AM = 0

xx'+yy' =0

= i (x —xp)(x —x0) + (Y —yp)(y —Ya) =0

(C) M




Circle defined by its center and radius %"
Application @ B2

Find the equation of the circle of diameter [AB] where A(1;2) and B(-1;3).
(x—x)(x—xp) + (Y —y)(y—yg) =0
x-Dx+D+-2)(y—-3)=0

x—14+vy2—=5y+6=0

x°+7y*—=5y+5=0
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Power of a point with respect to a circle

Definition| consider the circle C(I:R) and a point A of the plane.
The power of A with respect to (C) Is

P(A) = AI? = R? = (x4 — xp)* + (V4 — y1)* — R?
= (x4 —a)® + (ya — b)* — R?
= x% —2ax, + a® + y5 — 2by, + b* — R?
= x4+ ys — 2ax, — 2by, + ¢
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Power of a point with respect to a circle s

Definition| consider the circle C(I:R) and a point A of the plane.
The power of A with respect to (C) Is

Consider the circle (C) of equation (x — 3)% + (y — 4)? = 5 and the point
A(L:-1).
P(A) = (x4 —3)*+(ya—4)* -5

= (1-3)*+(-1-4)2-5

= 4425—5=24
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Power of a point with respect to a circle s

Definition| consider the circle C(I:R) and a point A of the plane.
The power of A with respect to (C) Is

Consider the circle (C) of equation x? + 3x + y? — 1 = 0 and the point
A(2;0).
P(A)=xt+3x4+yi—1=44+6+0—-1=09



w

o

OC SMART ACADEMY

i
»

Power of a point with respect to a circle

A IS at the Interior

A IS at the exterior .
of the circle

of the circle.

A 1S on the circle



Relative position of a line and a circle

(C)

3 relative positions:

» Line at the exterior of (C) (no common
noints).

» Line tangent to (C) (onlyl common
noint).

» Secant Line. (two common points).




Relative position of a line and a circle

How to determine the relative position
between a line and a circle?

(C)

DISTANCE from the
center of (C) to the line




Relative position of a line and a circle

Consider the circle C(I;R) and the line
(d) of equation ux + vy +w =0 (d) is at the
exterior of (C)

|ux1 + (8% + Wl
u? + v?

(d) Is tangent

Al (@) = 0 (C)

(d) Is a secant



Relative position of a line and a circle
Application @&

TheradiusisR=1and I(1;1)
d(I, (d)) — 12x1-y1|

2(1)—1 1
=200 _ 1
22412 5

So the line (d) cuts (C) in two points.
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Relative position of a line and a circle
Application @&

The coordinates of the points of intersections verify the system:
(2x —y =0

(x—1)+(y-1)=1

y = 2x S0 substitute in the equation of (C).
(x—1)?+02x—-1)?*=1

x> —2x+1+4x?—4x+1—-1=0s05x*—6x+1=0

The solutionsarex =1 : x =

y:Z ;Y =

3




langent to a circle (C) from a point A

Equation of the tangent (D) to the circle (C)
at A.

Let M(x; y) belongs to (D).

© AM. Al = 0

xx'+yy' =0

(xp —x)(xp —x0) + Y — Y)Y —ya) =0
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langent to a circle (C) from a point A ~

A Example: (C): (x — 1)% + (y + 2)? = 4 and

Abelongs Alis at the A(-3:1)

to (C) exterior of (C) :ngzyg belongs to (D).

xx'+yy' =0

(xp — x)(xp —x4) + Yy — V)1 —Ya) =0
x+3)1+3)+(y—1)(-2—-1)=0
4(x+3)—3(y—1)=0

4x +12—-3y+3 =0

4x —3y+15=0




langent to a circle (C) trom a point A
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Equation of the tangents issued from A to the

circle (C).

The equation of the line (D) passing through

Alsy=mx+b ; mx+b—y=0
d(I;(D)) =R



langent to a circle (C) trom a point A

Example: (C): (x — 1)? + (y + 2)% = 1 and A(3;2)

The equation of the line that passes through Alis: y =mx + b
Ya=mxs+b ; 2=3m+0b

SOb=2-—3m

Theniy=mx+2—-3m ;

mx—y+2—3m=0

d([; (D)) _ Im+2+2-3m| _ |—2m+4| _1

m2+1 " m2+1

|—2m + 4| =m? + 1

—2m+4=m?*+1 or -2m+4=-m?-1
m?*+2m—-3=0 -m?*+2m—-5=0

m=1orm= -3 no solution

So the equations of the two tangentsare y=x—1 ; y=-3x+ 11







